In this work we examine kink-antikink collisions in two distinct hyperbolic models. The models depend on a deformation parameter, which controls two main characteristics of the potential with two degenerate minima: the height of the barrier and the values of the minima. In particular, the rest mass of the kinks decreases monotonically as the deformation parameter increases, and we identify the appearance of a gradual suppression of two bounce windows in the kink scattering and the production of long lived oscillons. The two effects are reported in connection to the presence of more than one vibrational state in the stability potential. * Electronic address: [1] 
I.
INTRODUCTION
Localized structures are important in nonlinear physics. In low and high energy physics, localized structures have been studied in several different contexts [1] [2] [3] . In high energy physics, in particular, nontrivial localized structures appear as kinks, vortices and monopoles in (1, 1) , (2, 1) and (3, 1) spacetime dimensions, respectively [1] . In the simplest situation, kinks and antikinks appear in scalar field theories described by a single real scalar field.
In nonintegrable scalar field theories like the φ 4 model [3] , the existence of kinks and antikinks motivates the study of their scattering, that may sometimes lead to surprisingly rich consequences. For instance, when the collision is analyzed as a function of the initial velocity of approximation of the two structures, a complicated structure appears [4] , usually connected with the deformation of the field profile and the emission of radiation. However, for larger initial velocities a simple inelastic scattering occurs and the kink-antikink pair retreats from each other. In the richer case with sufficiently small initial velocities, the kink and antikink capture one another, forming a trapped bion state that radiates continuously until being completely annihilated.
An intriguing aspect of the collision, observed in particular in the well-known φ 4 model [5] [6] [7] , occurs for some windows of intermediate velocities, named two-bounce windows, where the scalar field at the center of mass bounces twice before the pair recedes to infinity. These windows appear in sequence with smaller thickness, accumulating in the border of the onebounce region. The same effect was also verified for higher levels of bounce windows, leading to a fractal structure [6] . The two-bounce windows were interpreted in the Ref. [5] as related to the exchange of energy between the translational and vibrational modes that are present in the model. The φ 6 model is an exception for this mechanism, since the resonant scattering appears if one considers the effect of collective modes produced by the antikink-kink pair [8] .
Another counterexample of the mechanism described in the Ref. [5] appeared in [9] ; there, there are no two-bounce windows even in the presence of vibrational modes. Moreover, we want to add that the richness of the scattering may also be connected with the internal structure of the stability potential that appears in the model, which is related with the potential that defines the model and gives rise to the kinks and antikinks. The sense of this is that the internal modes of the stability potential can provide new windows or resonances that can modify the profile of the collision, leading to novel possibilities of current interest.
The study of collisions of kink and antikink has gained further attention recently, with the study of polynomial models with one [8, [10] [11] [12] and two or more [14] [15] [16] [17] scalar fields, of nonpolynomial models [18] [19] [20] [21] and of models that support multi-kink configurations [22] [23] [24] [25] . Moreover, there are investigations on the collision of large relativistic bubbles, that can be treated as that of planar walls, described as kink scattering in (1, 1) dimensions [26] .
Kinks were also proposed in buckled graphene nanoribbon [27, 28] , and they also appear as topological excitations in trans-polyacetilene. For instance, the lattice model of the Su-Schrieffer-Heeger [29] also predicted that kinks can propagate as independent entities along the polymer.
Kinks also find interesting applications in ferroelectric materials. As one knows, polynomial and modified sine-Gordon models suffer from a drastic weakness due to the rigidity of some ferroelectric materials. Indeed, in these models the barrier height of the double-well potential cannot be varied as a function of the shape parameter. To address this question, an hyperbolic extension [30, 31] of the φ 4 model was proposed to describe the structural transitions observed in specific materials [32] . These models belong to the class of deformed double-well potentials V (φ, µ), where φ corresponds to the order parameter and µ is a deformation parameter. In general the functions of µ are introduced at will in the potential, in a phenomenological construction. The Calogero model [33] describes N identical non-relativistic particles in one dimension, having exact soliton solutions in the continuum limit [34] . A hyperbolic extension of the Calogero model was shown to be integrable even in strong confinement, and presenting multisoliton solutions [35] . N = 2 and N = 4 supersymmetric generalizations of the hyperbolic Calogero model were presented in the Ref. [36] . Hyperbolic models also have been applied to attain exact solutions for hairy black holes [37] . Moreover, a generalised inverse cosinehyperbolic potential was considered to describe quintessential inflation [38] . Tachyon matter cosmology with hyperbolic potentials has also been considered in the Ref. [39] .
Motivated by the above investigations, in this work we consider the scattering of kinks in models defined in (1,1) spacetime dimensions, in the presence of hyperbolic potentials. In the next section we consider two different models, which are inspired by the φ 4 model and the Refs. [30, 31] , but we concentrate on collecting results for the kink-antikink collisions and their departure from the standard results obtained with the φ 4 model. An interesting result concerns the production of oscillons, the long-lived and low-amplitude oscillation of the scalar field around the trivial configuration. We finish the work in Sect. III, with some comments and conclusions.
II. HYPERBOLIC MODELS
We start with the standard action
where the potential has two minima and a local maximum at the origin. Then we have one topological sector connecting adjacent minima. The equation of motion is given by
Static kink φK(x) and antikink φK = φ K (−x) are solutions that connect the two sectors of the potential. Perturbing linearly the scalar field around one kink solution as φ(x, t) =
with V sch (x) = d 2 V dφ 2 being the stability potential. The analysis of the Schrödinger-like or stability potential is useful for understanding some aspects of the scattering structure.
For the numerical solutions of kink-antikink scattering we used a 4 th order finite-difference method on a grid N = 4096 nodes and a spatial step δ = 0.05. We fixed x = ±x 0 with x 0 = 12 for the initial symmetric position of the pair and set the grid boundaries at x = ±x max with x max = 400. For the time dependence we used a 6 th order sympletic integrator method, with a time step δ = 0.02.
For solving the equation of motion for kink-antikink scattering we used the following initial conditions where φ K (x + x 0 , v, t) means a boost solution for kink and φ v > 0 is one vacuum of the theory (minimum of V (φ v )).
A. Model 1
We consider the potential [30] 
where µ is the deformability parameter. The Fig. 1a shows that the potential has two minima in φ = ±(1/µ) arcsinh(µ). In this form, the minima of the potential are variable, but the height of its barrier is the same. In the limit of small values of µ, the model approaches the usual polynomial φ 4 theory with minima at φ = ±1.
Static kink solution and the minima ±φ v are given by [30] φ
The corresponding energy (rest mass) is given by
In this model, the potential can be written as
and so it admits the first order equations
The kink in the Eq. 1c is a localized function around x = 0. From the plot one sees that its maximum is fixed, whereas the thickness decreases with the increasing of µ. This means that as µ increases, the solution becomes more and more localized. In the Fig. 1d we see that the kink rest energy decreases with the increasing of µ.
The Schrödinger-like or stability potential is given by where q(x) = x µ 2 + 1/2. This potential is presented in the left panel in Fig. 2 for some values of µ. We have the same static structures V sch (x) for the antikink φK(x). From the figure, we note for all range µ > 0 there is the possibility of occurrence of bound states. For small values of µ the potential has a global minimum at x = 0. With the increasing of µ, the potential becomes higher. For µ > 1.3 the point x = 0 turns to be a local maximum and begins to appear two minima in the potential, as one can see for µ = 2. For even larger parameter values, the asymptotic value of V sch increases, whereas the width of potential decreases.
As we remarked in the previous section, the vibrational modes are important for the understanding of the intricate collision process. We solved the Schrödinger-like equation with V sch for several values of the parameter µ. In the right panel of Fig. 2 we present our main results for the emergence of bound states. The increasing of µ leads to the emergence of new bound states. We have the presence of the translational and one vibrational mode for small values of µ. For 0.7 µ 1.8, 1.8 µ 3.8 and µ 3.8 we note the presence of, respectively, two, three and four vibrational modes. We observed also that the energy of the bound states increases continuously for large values of µ. Fig. 5a we see, for µ = 3, the production of two oscillons, whereas for µ = 5, we have the production of four oscillons (Fig. 5b ). We note that larger values of the parameter µ favor the occurrence of more definite oscillon states, having higher harmonicity and correspondingly higher lifetime.
The absence of oscillons for small values of µ conforms with the results that for µ small, the above model becomes the φ 4 model, and that up to now there are no evidence for the presence of oscillons in the scattering of kinks in the φ 4 model.
B. Model 2
Let us consider another potential [31]
where α = (µ 2 + 1) arcsinh 2 (µ) −1 and µ is the deformability parameter.
The Fig. 6a shows that the potential has two minima in φ = ±1 and one local maximum at the origin and that barrier height decreases with µ. Compare with the Fig. 1a for the potential V 1 , where the barrier height is constant. The static kink solution is given by [30] φ K (x) = 1 arcsinh(µ) arctanh µ
The model here also supports first order equations, now given by
The kink and antikink of this model obeys these first order equations, so they are also linearly stable.
The Figs. 6b depicts some plots of the scalar field profile φ(x) for some values of µ. Note from the figure that the minima are independent of µ (φ = ±1). The Fig. 6c shows that the energy density is a localized function around x = 0. We note that its height decreases with µ (compare with the Fig. 1c for the energy density for the model V 1 , where this is constant). Also, we see that its thickness grows with µ (compare again with the Fig. 1c for the model V 1 , where this characteristic decreases with µ). In the Fig. 6d . we see that the kink rest energy for this second model also decreases with the increasing of µ. However, this decreasing occurs in a lower rate in comparison to the V 1 model (compare with the Fig. 1d ).
The stability potential for the kink in this model is given by
Some plots of V sch are presented in the Fig. 7a for some values of µ. This figure shows that there is always a possibility of occurrence of bound states. For small values of 0 < µ 1.4
we observe the minimum of potential centered at x = 0. For larger values of µ, the point x = 0 turns to be a local maximum with the appearance of two minima in the potential.
The increasing of µ reduces the depth of V sch , however the width of potential increases.
Moreover, the asymptotic value of V sch is independent of µ in this case.
We solved the corresponding Schrödinger-like equation for several values of µ and the structure of vibrational modes is summarized in the Fig. 7b . For all values of µ there is always a zero-mode. The increasing the µ leads to the emergence of new bound states. In The pattern of kink-antikink scattering for the V 2 model is so close to the observed by V 1 that we do not need to show the results here. That is, the suppression of two-bounce windows with µ is very similar to the Fig. 3 . One also has the plot of v c with µ with a minimum around µ ∼ 1. Remember that in the model V 2 , the height of the barrier is changed, but the position of degenerate minima is the same. In the model V 1 , on the contrary, the height of the barrier is fixed, whereas the position of degenerate minima changes. Our numerical investigation showed that both scenarios are almost indistinguishable with respect to the scattering process.
The kink-antikink scattering in the V 2 (φ) model also showed the production of oscillons.
In the Fig. 8a and 8b we see clearly three and two escaping oscillons for µ = 3. The same results happen for the Fig. 8c and 8d with µ = 5. The appearance of oscillons is more favorable with the presence of the extra vibrational state. In particular, for low values of µ there is no formation of such states. This is in accordance with the facts that for small values of µ the model approaches the φ 4 model, and that up to now there are no evidence for the presence of oscillons in collisions of kinks in the φ 4 model.
III. CONCLUSIONS
We have analyzed two models of potentials with two degenerated minima, with interest in the two effects: the difference between the minima and the height of the barrier of the potential. For the models V 1 and V 2 one of the characteristics is fixed, whereas the other varies monotonically with the parameter µ. We found that the dynamics of scattering at the center of mass is roughly the same, with the expected one-bounce, bion and two-bounce states. The increasing of µ is accompanied by the generation of more vibrational states. The suppression of two-bounce windows is due to a kind of destructive interference between the two vibrational modes that forbids the realisation of the resonance mechanism of transferring of energy from the translational mode to the vibrational mode. This effect of suppression was already described in other models [9] and is here also identified.
We have also observed the production of oscillons, that is, long-lived states that oscillate around one trivial minima of the potential. One sees that the production of oscillons is favored in the following situations: i) for the model V 1 , for fixed barrier, when the difference between the two minima is smaller; ii) for the model V 2 , for fixed minima, when the barrier is smaller. For both V 1 and V 2 models, the unifying factor that favors the production of oscillons is the energy or rest mass E of the kink. Indeed, in both models, this quantity decreases monotonically with µ.
In addition, another interesting phenomenon was shown in the kink-antikink scattering of the two models V 1 (φ) and V 2 (φ). As we can see in the Figs. 5 and 8, after some collisions, long-lived, quasi-harmonic and low amplitude oscillating structures are formed and escape to infinity. These states, known as oscillons, can occur for v < v c . The appearance of oscillons are extremely sensitive to the initial velocity. Despite this, we have identified some determinant factors for the production of oscillons. Fist of all, one sees that the production of oscillons is favored in the following situations: i) for the model V 1 , for fixed barrier, when the difference between the two minima is smaller; ii) for the model V 2 , for fixed minima, when the barrier is smaller. For both V 1 and V 2 models, the unifying factor that favors the production of oscillons is the lower energy or rest mass E of the kink. Indeed, in both models, this quantity decreases monotonically with µ. The second aspect to be noted is that we have not observed the production of oscillons for low values of µ, where the models have only one vibrational state. When the parameter µ grows, the increasing in the number of vibrational states results in a greater complexity of the energy distribution of the initial translational modes of the kink-antikink pair, increasing the possibility of production of oscillons. Also, comparing the results from both potentials, we see that the oscillons with larger amplitudes, but more deformed, are favored for the model V 2 . Since the harmonicity and propagation without distortion are desirable properties, this signals that model V 1 , characterized by a fixed height barrier, is more effective for the production of these long-lived states.
